Abstract. Let D be a domain with quotient field K and A a D-algebra. A polynomial with coefficients in K that maps every element of A to an element of A is called integer-valued on A. For commutative A we also consider integer-valued polynomials in several variables. For an arbitrary domain D and I an arbitrary ideal of D we show I -adic continuity of integer-valued polynomials on A. For Noetherian one-dimensional D, we determine spectrum and Krull dimension of the ring Int D (A) of integer-valued polynomials on A. We do the same for the ring of polynomials with coefficients in M n (K), the K -algebra of n × n matrices, that map every matrix in M n (D) to a matrix in M n (D).
Introduction
Let D be a domain with quotient field K and A a D-algebra, such as, for instance, a group ring D(G) or the matrix algebra M n (D).
We are interested in the rings of polynomials Elements of the D-algebra A are plugged into polynomials with coefficients in K via the canonical homomorphism ι A : A → K ⊗ D A, ι A (a) = 1 ⊗ a.
In the special case A = D these rings are known as rings of integer-valued polynomials, cf. [3] . They provide natural examples of non-Noetherian Prüfer rings [5, 11] , and have been used for proving results on the n-generator property in Prüfer rings [2] . Also, integer-valued polynomials are useful for polynomial interpolation of functions from D to D [8, 4] , and satisfy other interesting algebraic conditions such as analogues of Hilbert's Nullstellensatz [3, 9] .
These desirable properties of rings of integer-valued polynomials have motivated the generalization to polynomials with coefficients in K acting on a Dalgebra A [10, 12] . So far, not much is known about rings of integer-valued polynomials on algebras. We know that they behave somewhat like the classical rings of integer-valued polynomials if the D-algebra A is commutative. For instance, Loper and Werner [12] have shown that Int Z (O K ) is Prüfer. If A is non-commutative, however, the situation is radically different. For instance, Int Z (M 2 (Z)) is not Prüfer [12] , and is far from allowing interpolation [10] .
We will describe the spectrum of Int D (A), for a one-dimensional Noetherian ring D and a finitely generated torsion-free D-algebra A, in the hope that this will facilitate further research. We will investigate more closely the special case of A = M n (D): we determine a polynomially dense subset of M n (D) and describe the image of a given matrix under the ring Int D (M n (D)).
A different ring of integer-valued polynomials on the matrix algebra M n (D), consisting of polynomials with coefficients in M n (K) that map matrices in M n (D) to matrices in M n (D), has been introduced by Werner [13] . We will show that it is isomorphic to the algebra of n × n matrices over "our" ring Int D (M n (D)) of integer-valued polynomials on M n (D) with coefficients in K .
Before we give a precise definition of the kind of D-algebra A for which we will investigate Int D (A), a few examples. D is always a domain with quotient field K , and not a field.
1.1 Example. For fixed n ∈ N, let A = M n (D) be the D-algebra of n × n matrices with entries in D and
1.2 Example. Let H = Q+Qi+Qj +Qk be the Q-algebra of rational quaternions, L = Z + Zi + Zj + Zk the Z-subalgebra of Lipschitz quaternions, and
1.3 Example. Let G be a finite group, K(G) and D(G) the respective group rings, and
If G is commutative, we also consider
n copies of D(G).
1.4 Example. Let D ⊆ A be Dedekind rings with quotient fields K ⊆ F , and
1.5 Notation and conventions. Throughout this paper, D is a domain and not a field, K the quotient field of D, and A a torsion-free D-algebra finitely generated as a D-module. Since A is faithful, there is an isomorphic copy of D embedded in A by d → d1 A , and we may assume D ⊆ A.
We identify K and A with their isomorphic copies in B , which allows us to evaluate polynomials with coefficients in K at arguments in A, and define
. . , a n ∈ A : f (a 1 , . . . , a n ) ∈ A}.
To exclude pathological cases we require K ∩ A = D.
1.6 Remark. Instead of B = K ⊗ D A, we could look at the canonically isomorphic A K\{0} , the ring of fractions of A with denominators in K \ {0}. The natural homomorphisms ι K : K → A K\{0} and ι A : A → A K\{0} then take the form 
and Int
Continuity
I -adic continuity of the function f : To establish I -adic continuity of integer-valued polynomials on algebras, we will briefly look at polynomials in several non-commuting variables. If our algebra A is non-commutative, this becomes necessary, even if we are only interested in integer-valued polynomials in one variable: if we consider f (x + y) − f (y) as a polynomial in two variables, and we still want substitution of elements from A for x and y to be a homomorphism, we must turn to non-commuting variables.
2.1 Definition. Let D be a domain with quotient-field K . Let K x 1 , . . . , x n be the free associative K -algebra generated by x 1 , . . . , x n (in other words, the semigroup-ring K(S), where S is the free semigroup generated by x 1 , . . . , x n ). If A is a torsion-free D-algebra, we evaluate polynomials in K x 1 , . . . , x n at arguments in B = K ⊗ D A and thus associate a polynomial function f : B n → B to every f ∈ K x 1 , . . . , x n . Such polynomials as map arguments in A n to values in A we call integer-valued on A.
From the theory of PID-rings (polynomial identity rings), it is easy to garner non-trivial examples of integer-valued polynomials in several non-commuting variables. For instance, if p is prime and n ≥ 1, then a polynomial in Q x 1 , . . . , x np , but not in Z x 1 , . . . , x np , that takes every np-tuple of n × n integer matrices to an integer matrix is
(This follows from [7] or [14] .) In this paper, we will not consider polynomials in non-commuting variables except in the following theorem and its corollaries. Proof. Fix i and let d be the degree of f in x i . We will show that for every b ∈ I d A and every (a 1 , . . . , a n ) ∈ A n , ( * ) f (a 1 , . . . , a i + b, . . . , a n ) − f (a 1 , . . . , a i , . . . , a n ) ∈ IA.
For d = 0, or if f is the zero-polynomial, this is obvious. The polynomial f is uniquely representable as f = f 1 + f 2 , where x i doesn't occur in f 1 , x i occurs in every monomial in the support of f 2 , and f 2 has the same degree in x i as f .
Since
. . , x n ) and f 2 = f − f 1 , both f 1 and f 2 are integer-valued. We can show ( * ) separately for f 1 and f 2 . As ( * ) holds for f 1 and arbitrary b ∈ A, we have reduced to the case f = f 2 , i.e., when x i occurs in every monomial in the support of f . 3.1 Lemma. Let D be a domain and P a finitely generated prime ideal of height 1. For every non-zero p ∈ P there exist m ∈ N and s ∈ D \ P such that sP m ⊆ pD.
Proof. Let p ∈ P . In the localization D P , P P is the radical of (q) for every non-zero q ∈ P P . Therefore, since P (and hence P P ) is finitely generated, there exists m ∈ N with P P m ⊆ pD P and in particular P m ⊆ pD P .
The ideal P m is also finitely generated, by p 1 , . . . , p k , say. Let a i ∈ D P with p i = pa i . By considering the fractions a i = r i /s i (with r i ∈ D and s i ∈ D \ P ), and setting s = s 1 · . . . · s k , we see that sP m ⊆ pD as desired.
3.3 Lemma. Let D be a domain and P a finitely generated prime ideal of height
As Q is prime and s / ∈ Q, we conclude that f ∈ Q.
Lemma. Let A be a D-algebra that is finitely generated as a D-module, M a maximal ideal of finite index in
Proof. Since A is a finitely generated D-module,Â is a finitely generatedDmodule. AsM is of finite index inD,Â/MÂ is finite. Let Int 
General hypotheses in this section. (i) D is a domain and A a torsion-free D-algebra, finitely generated as a D-
module; (ii) M is a finitely generated maximal ideal of height 1 and finite index in D;
is satisfied in two important cases: if A is a free D-module, and if D ⊆ A is an extension of Dedekind rings.)
We denote the M -adic completions of D and A byD andÂ. Since M is finitely generated, M -adic andM -adic topologies coincide onD and onÂ. (v) The ringD is compact because M is of finite index and finitely generated, which implies that all powers of M are of finite index.Â then is compact because it is finitely generated as aD-module. 
If P is an ideal of a commutative ring between Int n D (a) andÂ, let In particular, Q is of finite index.
Lemma. Under the hypotheses of 4.1, let Q be a prime ideal of Int
Proof. Suppose Q does not contain any (MÂ) a . Then for every a ∈Â n there exists f ∈ (MÂ) a \ Q. By Theorem 2.3, f is M -adically continuous, so there exists an M -adic neighborhood U of a, such that f (U ) ⊆ MÂ. By compactness ofÂ n , there exist finitely many a i such that the corresponding neighborhoods U i cover A n . Let g be the product of the polynomials
, and yet g ∈ Int n D (A, M A), a contradiction to Lemma 3.3. We have shown that Q contains some (MÂ) a , which is of finite index by Lemma 3.4.
In the special case A=D, the preceding lemma already concludes the characterization of primes of Int 
where a ∈Â and P is a maximal ideal of R a lying over M .
If A is a commutative D-algebra, we can take R a =Â in Corollary 4.7 for all a ∈Â, and we get the following simpler characterization of the primes of Int n D (A) lying over M : 
Theorem. Let D be a domain, A a commutative torsion-free D-algebra finitely generated as a D-module, M a finitely generated maximal ideal of D of finite index and height one, such that
M A M ∩ A = M A.
Then every prime ideal of Int n D (A) lying over M is of the form
P a = {f ∈ Int n D (A) | f (a) ∈ P },
Primes lying over prime ideals of infinite index

Lemma. Let A be a torsion-free D-algebra with
Proof. More generally, we show that for any prime ideal P , a polynomial f ∈ Int 
and therefore a bijective correspondence (given by lying over) exists between prime ideals of Int n D (A) whose intersection with D is contained in P and prime ideals of D P [x 1 , . . . , x n ]. 
Theorem. Let D be a Noetherian one-dimensional domain with finite residue fields and A a torsion-free D algebra, finitely generated as a D-module, such that for every maximal ideal
Then a chain of primes of length n + 1 of Int = (a 1 , . . . , a n ) ∈Â n with a 1 , . . . , a n algebraically independent over K .
Integer-valued polynomials on matrix algebras
Theorem 4.6 characterizes the spectrum of the ring Int D (A), provided we know the images of elements of M -adic completions of A under Int D (A). We will now determine these images in the case A = M n (D). Note that all the technical hypotheses in this section are certainly satisfied if D = O K is the ring of integers in a number field. We are now able to identify a polynomially dense subset of M n (D) consisting of companion matrices. They are often easier to work with than general matrices, because their characteristic polynomial is also their minimal polynomial. 
Proposition*. Let D be a domain such that the intersection of the maximal ideals of D of finite index is (0), and f
(x) = g(x)/d with g ∈ D[x], d ∈ D \ {0}. Then f ∈ Int D (M n (D)) ifInt D (M n (D)) = Int D (C n , M n (D)).
If D is a domain such that the intersection of the maximal ideals of finite index is (0), such as, for instance, a Dedekind domain with infinitely many maximal ideals of finite index, then
(This is so because f is still the minimal polynomial of its companion matrix when everything is viewed in D/dD.) By
The reverse inclusion is trivial. The argument for I n is similar, using Prop. 6.2.
Theorem. Let D be a domain and C
We know that g is divisible modulo dD[x] by every monic polynomial in D[x] of degree n. Dividing g by χ C , the characteristic polynomial of C , we get 
ij ) and E 2 = (e (2) ij ) be matrices in M n (D) with characteristic polynomials χ 1 and χ 2 .
, and therefore
. We can therefore M -adically approximate C by matrices
, deg s i < n, such that the s i converge towards a polynomial s ∈D[x] with deg s < n and f (C) = s(C). 
Integer-valued polynomials with matrix coefficients
While we have been investigating the ring Int D (M n (D)) of polynomials in K[x] mapping matrices in M n (D) to matrices in M n (D), Werner [13] has been studying the set, let's call it Int D [M n (D)] with square brackets, of polynomials with coefficients in the non-commutative ring M n (K) mapping matrices in M n (D) to matrices in M n (D). Without substitution homomorphism, it is not a priori clear that this set is closed under multiplication, but Werner [13] 7.1 Definition. We call a two-sided ideal P = R of a (not necessarily commutative) ring with identity R a prime ideal, if, for all ideals A, B of R, AB ⊆ P =⇒ A ⊆ P or B ⊆ P, or equivalently, if, for all a, b ∈ R aRb ⊆ P =⇒ a ∈ P or b ∈ P.
For commutative R this is equivalent to the (in general stronger) condition: for all a, b ∈ R, ab ∈ P =⇒ a ∈ P or b ∈ P.
Theorem. Let D be a domain with quotient field K , and
We identify Int For any ring R with identity the ideals of R are in bijective correspondence with the ideals of M n (R) by I → M n (I), and restriction to prime ideals gives a bijection between the spectrum of R and the spectrum of M n (R). So we conclude: 
